The use of isolated droplets as idealized systems is an established practice to get an insight on the physics of combustion, and an optimal test field to verify physical submodels. In this context, this work examines the dynamics of soot formation from the combustion of hydrocarbon liquid fuels in such conditions. A detailed, heterogeneous kinetic mechanism, describing aerosol and particle behavior through a discrete sectional approach is incorporated. The developed 1-dimensional model accounts for (i) non-luminous and luminous radiative heat losses, and (ii) incomplete thermal accommodation in the calculation of the thermophoretic flux. The combustion of droplets of n -heptane, i.e., the simplest representative species of real fuels, was investigated as test case; an upstream skeletal reduction of the kinetic mechanism was carried out to limit calculation times. After checking the performance of the reduced mechanism against gas-phase experimental data, the transient evolution of the system was analyzed through a comprehensive study, including fiber-suspended (D 0 < 1 mm) as well as free (D 0 > 1 mm) droplets.
Introduction
Nowadays, one of the major concerns raised by the combustion of liquid fuels is related to the formation of soot, toward which the interest of the scientific community is mostly motivated by its impacts on combustion efficiency [1] , global warming [2, 3] , and human health [4] [5] [6] . Indeed, the use of a liquid feed in the form of a spray, and the resulting heterogeneous combustion create favorable conditions for particle nucleation from Polycyclic Aromatic Hydrocarbons (PAH) and their subsequent growth [7] . The significant amount of soot is the macroscopic outcome of the interaction Thermophoretic diffusivity [-] coupling between the involved physical and chemical processes. As a matter of fact, they represent an optimal trade-off between the complexity of the problem, which is reduced to one spatial dimension because of spherical symmetry, and its comprehensiveness, since most phenomena involved in spray combustion are still considered, e.g. evaporation-and diffusion-induced transport, heterogeneous properties, radiation, and aerosol chemistry. In this way, the physical submodels representing each of them can be benchmarked in relatively "simplified" conditions. Conversely, assessing theoretical models of the governing phenomena from the interpretation of multidimensional experiments would be much more complicated, because of the resulting physical (and therefore, numerical) complexity. For this reason, large experimental activity on soot formation in spherical droplets was carried out via reduced-gravity experiments. According to the droplet size, such conditions were attained either through drop towers or in the outer space. Most experimental campaigns date back to around 1990s: the shell-like structure of soot, placed between the flame layer and the droplet surface, was first observed by Shaw et al. [12] . The reason behind such a peculiarity was later attributed by Jackson and Avedisian [13] to the competition between the convective -or Stefan -flow, due to evaporation, and the thermophoretic flow acting on particles. They correlated the decrease in the burning rate with droplet size to soot production because of a combination of barrier and radiation effect, affecting the total heat transferred to the droplet. The structure of the flame enclosing the droplet was then studied by Mikami et al. [14] by using hooked thermocouples, and showing that the maximum temperature region, i.e. the reaction zone, is located outside of the yellow luminous zone, whose color is due to radiation from soot. The transient evolution of soot volume fractions was quantified in later works [15] [16] [17] : the maximum values were found to be between 10 and 100 ppm, i.e. more than one order of magnitude higher than what observed in gas-phase diffusion flames with the same fuels [18, 19] . Finally, experiments on space laboratories [11, 20, 21] allowed an extensive investigation on large-sized droplets (super-millimetric), whose combustion dynamics cannot be followed in drop towers because of their insufficient length. In this way, light could be shed on radiative extinction of large droplets [20] and cool flame burning due to the lowtemperature chemistry of n -alkanes [21, 22] .
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From a modeling standpoint, a detailed description of the key phenomena affecting spherical droplet combustion is not straightforward, and it is often not compatible with an acceptable computational effort. The formation of soot adds substantial complexity to the modeling of droplet dynamics, which has been the subject of extensive research for long time [23] [24] [25] [26] . First of all, the transient evolution of soot is strongly correlated to the gas-phase chemistry, from which soot precursors (PAH) are generated. Therefore, a detailed kinetic description is a necessary requirement to be predictive on soot formation. Second, the presence of soot has an impact on heat transfer and especially on luminous radiation, which on turn affects the burning rates and the overall combustion process. As a result, modeling activity has often been based on one or more assumptions to simplify the size of the problem and make it computationally viable: Chang and Shier [27] used a one-step reaction mechanism to parametrically study the correlation between soot production, flame radiance and droplet burning rates. Similarly, Baek et al. [28] analyzed soot/radiation interaction through global chemistry and a simplified two-equation model [29] describing the evolution of soot volume fraction and number density. On the other side, Jackson and Avedisian [30] were among the first to incorporate detailed chemistry in droplet calculations: coherently with experimental observations, they could find an increase in acetylene concentration (a key species among soot precursors) with the droplet diameter, but they could not analyze PAH evolution into soot particles because the adopted kinetic model described only gas-phase combustion. Later studies using detailed chemistry [8, 31] neglected soot formation and the related effects on the combustion behavior.
In the light of the previous modeling effort s, in this work the dynamics of soot formation in the combustion of spherical droplets is investigated through a comprehensive approach, which incorporates a detailed kinetic mechanism representing soot formation from the underlying gas-phase. An existing mathematical model of droplet evaporation and ignition is extended towards a detailed description of the key processes involving soot: besides the description of aerosol dynamics coupled to gas-phase kinetics, nongray radiation effects are considered for both gas-phase species and solid particles, and thermophoretic effect on solid particles is accounted for. The main features of the mathematical model are recalled in Section 2 , with an emphasis on the submodels of major relevance for the purposes of this work. The development of the kinetic mechanism of soot formation is then separately outlined in Section 3 . In Section 4 , the model is leveraged to shed light on the transient evolution of the two-phase system, and the role of soot in such dynamics: numerical predictions are compared against the experimental data collected so far, and n -heptane is used as case study since it has been the most studied fuel in microgravity conditions. Conclusions are drawn in Section 5 .
Mathematical model
The mathematical model describes the combustion of an isolated droplet in a gas-phase environment, idealizing the experimental conditions of drop towers and outer space. The core framework is fully described in [32, 33] and is based on the following assumptions:
• Spherical symmetry and absence of gravity;
• Constant pressure;
• Absence of reactions in liquid phase;
• Thermodynamic equilibrium at the liquid/gas interface.
In particular, spherical symmetry allows to consider the problem as 1-dimensional. Considering a monocomponent fuel, the conservation equations for energy and velocity in the liquid phase are:
where the subscript L denotes the liquid phase. ρ is the density, v the convective velocity, c p the constant-pressure specific heat of the fuel and k the thermal conductivity. The dependence of ρ L , c p,L and k L on temperature is described through the correlations found in the Yaws' database [34, 35] . Symmetry conditions are imposed in the center of the droplet. Similar equations are obtained for the gas phase, although further contributions must be included:
where the subscript G indicates gas-phase properties. Considering the i th gas-phase species, Y i is its mass fraction, j diff,i is its gasphase diffusion flux evaluated through the Fick's law, j th,i is its flux due to thermophoresis (cfr. Section 2.2 ), j soret,i is its flux generated by Soret effect, ˙ i is its formation rate:
being the rate of the j th reaction ( NS and NR are respectively the total number of species and reactions). ˆ h R,i is the mass enthalpy of formation of the i th species and finally q R is the radiative heat flux (cfr. Section 2.1 ). Diffusiophoretic and photophoretic effects are here neglected, although a minor influence on soot formation had been hypothesized in previous works [36, 37] . Liquid/gas interface properties are evaluated by imposing flux continuity of mass and energy, and by imposing thermodynamic equilibrium for species. Considering the low-pressure conditions investigated here, the use of Raoult's law can be considered as acceptable. At the outer boundary (around 80-100 times the droplet radius), Dirichlet conditions are imposed for species and temperature. The droplet is ignited by simulating a numerical spark: in the proximity of the liquid interface, a temperature profile peaking at 20 0 0 K is imposed as initial condition. Although in experimental devices the spark might in principle compromise the spherical symmetry, this effect is neglected in this model, as already done in previous works [32, 38] .
Radiation
The gas-phase energy balance (4) takes into account the radiation contributions from non-luminous gases (CO 2 /H 2 O) and luminous soot particles via the divergence of the radiative heat flux ∇q R . Considering a gray medium, the radiative energy balance is evaluated as [39] :
where κ is the Planck mean absorption coefficient, I b is the blackbody intensity
and I is the radiation intensity. Different approaches exist to model I : here, the P-1 radiation model was adopted, i.e. the first-order approximation of I into a series of spherical harmonics. Alternatively, the Discrete Ordinates Model (DOM) was successfully used in previous works on microgravity droplets [28, 38] , but P-1 approximation allows a more significant ease of the computational load, without an excessive loss in accuracy if radiative intensity is near-isotropic [39] .
A comparison between radiation models is beyond the scope of this work. Rather, considering the investigated problem, a more critical aspect is constituted by the representation of the medium absorptivity, due to the nongray behavior of water and carbon dioxide, and to the major role of soot radiation. A convenient way to represent a nongray medium consists in using a WeightedSum-of-Gray-Gases Model (WSGGM) [40] . With this methodology, a number of equivalent gray gases are used for each medium, weighted through temperature-dependant factors. These are obtained via fitting procedures with experimental measurements:
The combination between N g + 1 and N s equivalent gray gases (for absorbing gases and soot, respectively) produces N g + 1 × N s total gray gases. Indeed, a transparent window must be considered for CO 2 /H 2 O, i.e. κ g, 0 = 0 . For each ( n,m ) gray gas the combined absorption coefficient can be evaluated as: (8) where P is the pressure. The combined ( n,m ) weighting factor is obtained through the product of the weighting factors:
Once the coefficients have been calculated, one equation (6) is solved for each gray gas [28, 40] :
then summing up the respective contributions to obtain ∇q R . A critical point in the development of WSGG models consists in the parameters estimation for the equivalent gray gases: usually, this is done through fitting procedures [41, 42] for mixtures with fixed H 2 O/CO 2 ratios, and separately for soot [43] . Recently, Cassol et al. [44] developed a novel procedure to estimate coefficients for arbitrary compositions of H 2 O, CO 2 and soot. Starting from individual species correlations and related equivalent gray gases, they extended the combination procedure to evaluate the combined absorption coefficient and weighting factor ( Eq. (8) and (9) ):
Starting from 4 gray gases for H 2 O, CO 2 , and soot, respectively, 100 mixture gray gases are obtained, whose radiative contribution is calculated through Eq. (10) . Considering the time-and spacevariable composition of the gas-phase environment, Cassol model is thus able to guarantee the needed flexibility in managing the radiative contribution to the energy balance (4) , without compromising computational efficiency. Therefore, it is used as reference model for the purposes of this work.
Thermophoretic flux
The key role of thermophoretic force in trapping soot particles within the flame, then allowing their significant growth, had been already hypothesized by Jackson et al. [45] after experimental observations. However, a complete understanding and accurate quantification of this effect has not been obtained so far. In qualitative terms, the thermophoretic force is due to the difference in the momentum of gaseous molecules colliding with solid particles, due to temperature gradient. It results in solid particles being subject to a force in the opposite direction to the temperature gradient. In quantitative terms, all the theories describing thermophoretic velocity can be reduced to the general expression [46] :
where μ is dynamic viscosity, T is temperature, and V th,r is the thermophoretic diffusivity (or reduced thermophoretic velocity). This depends on three main parameters:
1. The Knudsen number Kn , i.e. the ratio between the gas free mean path and the characteristic size of the particle, thus determining whether collisions occur in a free-molecular ( Kn 1), slip-flow ( Kn 1) or transition ( Kn ≈ 1) regime; 2. The ratio between thermal conductivities of gas and particles.
3. The momentum and thermal accommodation factors α m and α T , which account for the type of collision between gas and particles. The limit values of 0 and 1 respectively correspond to specular and diffuse reflection.
Considering spherical particles, several theoretical expressions for V th, r have been independently derived, and the review by Sagot [47] compares their predictions with experimental measurements. If Kn 1, i.e. in the free molecular regime, and with the hypothesis of perfect accommodation ( α T = α m = 1 ) and 1 all the theories converge to the formulation obtained by Waldmann and Schmitt [48] , i.e. V th,r ≈ 0.538. Although Kn 1 for larger particles, experimental measurements [49] and theoretical research [50] showed that, as far as soot particles are concerned, thermophoretic velocities scarcely depend on their dimensions, but rather depend on primary particle sizes because of the open structure of the aggregates.
Moreover, although at low temperatures ( T ≤ 500 K ) α T is usually equal to 1, at higher temperatures like those occurring during combustion, an incomplete thermal accommodation can be expected [51] . Snelling et al. [52] reported significant uncertainty on such parameter, estimated to be around 15%: in their experiments, carried out in a laminar coflow diffusion flame fed by ethylene, they developed a model able to estimate α T from the mean primary particle size d p . Considering a measured value of d p = 29 nm they found a value of α T = 0 . 37 , coherent with the available literature data (ranging from 0.26 to 0.90). On the other side, using the d p = 38 nm measured by Manzello and Choi [53] in microgravity droplet flames α T becomes equal to 0.54.
The possibility of an incomplete thermal accommodation is included in some theoretical formulations of V th, r [51, 54] . The application of the model proposed by Beresnev and Chernyak [54, 55] , assuming a free-molecular regime, with α T = 0 . 54 , = 0 . 1 and α m = 1 returns V th,r = 0 . 654 . Similarly, the model of Talbot et al. [51] , which extends the base formulation of Waldmann to the possibility of incomplete thermal accommodation, returns V th,r = 0 . 660 , comparable to the previous one. The capability of the model by Beresnev and Chernyak in predicting the influence of α T on thermophoretic velocity was extensively verified by Sagot [47] . Thus, the obtained value of V th,r will be used for the purposes of this work.
Kinetic mechanism of soot formation
The overall kinetic mechanism was derived from the POLIMI model [56] describing the pyrolysis and oxidation of a variety of hydrocarbon fuels: the hierarchy and modularity features behind its formulation allow to easily obtain the low-and hightemperature combustion mechanism including Primary Reference Fuels (PRF), PAHs and real fuels. The 1412 version of such model accounts for 352 species and 13264 reactions, and its performance has been widely verified in several works [57] [58] [59] . In order to describe the soot dynamics, gas phase chemistry is coupled to soot chemistry through the discrete sectional approach recently developed by Saggese et al. [60] . Such methodology represents the aerosol distribution through a 2-dimensional discretization into pseudo-or lumped-species, called BINs, representing a class of particles with defined molecular mass (defined by a number index k = 1 . . . 20 ) and H/C ratio (indicated by a letter A, B, C in descending H/C order). On turn, BINs are split into three categories: heavy PAHs (MW ≤ 3,0 0 0 g/mol), soot particles (3,0 0 0 g/mol < MW ≤ 50 0,0 0 0 g/mol) and soot aggregates (MW > 50 0,0 0 0 g/mol). The selection of the size of the first primary particle (320 carbon atoms, i.e. an atomic mass of about 40 0 0 amu) was chosen after the experimental observations of the heavy PAHs obtained from flame-generated soot [61] [62] [63] [64] , and is in agreement with the particle sizes measured by Bladh et al. [65] . On the other side, the dimensions of the first aggregate (around 80,0 0 0 carbon atoms, i.e. an atomic mass of about 10 6 amu and a collision diameter of approx. 13.7 nm) were chosen after the experimental measurements by Zhao et al. [66] on the mobility diameter of aggregates. Particles differ from aggregates because of their postulated spherical shape. Conversely, aggregates are considered as mass fractals, with a fractal dimension assumed as equal to 1.8. This value is in general agreement with the experimental measurements carried out for nascent soot in premixed ethylene flames [67] and for rich sooting flames [68] .
Similarly to what done with the gas-phase, soot model was conceived following a reaction-class approach, where the newly introduced classes involve both gas-phase species and solid-phase pseudo-species. The reaction rates of the different classes are obtained through analogy with similar reactions [60] , already present in the gas-phase model. Doing so, the coupled system can be described in a pseudo-homogeneous way, and the resulting kinetic input is still compatible with the standard CHEMKIN format. The resulting, high-temperature scheme includes 297 species among 16797 reactions; on the other side, the low-and high-temperature scheme accounts for 426 species among 20145 reactions.
Skeletal reduction
The high level of detail on the description of soot obtained with this methodology results in a mechanism size particularly demanding, even for 1D applications. For this reason, a skeletal reduction was carried out, such to make calculations more viable. Nevertheless, implementing a skeletal reduction methodology for a mechanism including soot formation is not straightforward, and must consider three main issues, if compared to a classic gas-phase mechanism: To address these points, the methodology described in [73] , known as Species-Targeted Sensitivity Analysis was extended to include specific soot properties, since every BIN represents only a discrete portion of the continuous particle distribution constituting soot. In macroscopic terms, 3 properties usually characterize the soot aerosol: (i) volume fraction f v , (ii) number density N d and (iii) Particle Size Distribution Function (PSDF). They are not independent from each other, because N d can be obtained by integrating PSDF, and f v can be obtained by combining mass fractions and particle density. Therefore, by considering isothermal reaction states in 0D batch reactors, sampled in the range indicated in Table 1 , two targets were selected to constrain sensitivity analysis and species selection:
1. Soot mass fraction profile over time in a 0D reactor; 2. Soot PSDF, at the time where its mass fraction is maximum; With the same procedure described in [73] , the importance of each species constituting the complete mechanism is done by evaluating the error in terms of distance -ε D -and similarity -ε S -between the original mechanism and the one without the analyzed species. Moreover, to keep into account oxidation pathways after particle transport, the outlet products coming from the first reactor enter a second one with identical operating conditions, with oxygen fed in parallel at stoichiometric conditions. Oxidation dynamics is reconstructed through soot mass fraction profile and the error following the removal of each species is calculated again through ε D and ε S . The whole process is outlined in Fig. 1 .
Overall, 6 error indices are obtained, 2 per each of the three curves. They are combined following the statistical procedure illustrated in [73] , such that a univocal ranking is obtained. Fol- Fig. 1 . Double-reactor configuration adopted for the reduction of soot mechanism (cfr. [84] ). lowing the obtained Soot-Targeted Sensitivity Analysis , the mechanisms listed in Table 2 were obtained for soot formation from nheptane combustion, respectively for high-temperature (HT) and low-(LT) and high-temperature conditions. It is worth highlighting that 79 BINs (48 molecules + 31 radicals) were retained out of the original 100 (50 species + 50 radicals). Most of the removed ones are gas-phase compounds: considering that the sectional model is conceived in such a way that every BIN has a double mass than the previous one, removing an intermediate section would break the growth chain via coalescence or aggregation, and their growth could continue only via coalescence/aggregation with the smaller ones, having a lower mass. Also, it is important to note that most of the removed BINs belong to the class with the highest H/C ratio Fig. 2 . Numerical predictions of flame speciation and soot formation in a n -heptane/air laminar premixed flame. C/O = 0.70. Experimental data from [77] . ("A" class): this indicates that in the considered conditions dehydrogenation plays a major role, to the extent that "A" class BINs disappear before reaching their larger sizes. Considering that the computational time scales, at worst, with the third power of the number of species in the problems governed by the factorization of the Jacobian, adding this upstream skeletal reduction allowed to decrease the simulation times by a factor 2.5 -3, as verified a posteriori in sample benchmarks.
Mechanism benchmark
The performance of the complete model of soot formation was already verified in the reference paper [60] . Here, the skeletal mechanism is benchmarked against the original model and experimental data. Previous works have experimentally characterized PAH [74] and soot formation [75] [76] [77] from n -heptane in laminar flames. D'Anna et al. [77] analyzed laminar flame speciation in slightly sooting (C/O = 0.70) and heavily sooting (C/O = 0.80) conditions, and quantified the formation of major species, intermediates, PAH, and soot density. Based on both experimental concentrations, numerical predictions were obtained by using detailed [60] and skeletal mechanism in order to check the accuracy of the latter. The temperature profile was taken from experimental measurements, thus decoupling the energy balance: the heat losses of the burner depend on the experimental devices, and the flame cannot be considered as adiabatic. Results are shown in Figs. 2 and  3 , and highlight two main aspects: on one hand, a reasonable agreement is observed for major species as well as some intermediates. A more significant deviation is observed for methane (CH 4 ), butadiene (C 4 H 6 ), propylene (C 3 H 6 ) and cyclopentadiene (CYC 5 H 6 ). On the other side, benzene evolution is predicted very well, and the soot density profile is in substantial agreement with experimental measurements, also considering the uncertainty behind them [7, 78] . Moreover, detailed and skeletal mechanism are overlapped as far as major species and small hydrocarbons are concerned; instead, the deviations of soot and its precursors are of the order of 15-20% at the burner outlet, in line with the accuracy targets of the reduction procedure ( Table 2 ) . Recently, the sooting propensity of gasoline surrogates and PRFs in coflow diffusion flames was considered by Kashif et al. [18, 19] . The predictive capability of the kinetic mechanism in these conditions is of primary importance: here, the amounts of soot are generally higher than premixed flames because of the locally rich composition on the fuel side. Moreover, particle transport outside the reaction zone makes their oxidation possible, which competes with their formation and results in the final wedge-shaped profile observed in these conditions. The axisymmetric coflow burner used for such experiments was simulated via the laminarSMOKE software [79] . The inlet fuel mixture consisted of a carrier gas (equimolar CH 4 /N 2 ), and the experiment was performed with two different molar fractions of n -heptane. Figure 4 shows the results related to the richer mixture ( X C 7 H 16 = 0 . 0247 ). Apparently, the shape of soot profiles is comparable between measurements and predictions. In absolute terms, soot volume fraction is underpredicted by a factor 2 along the axis of symmetry, but considering the very low volume fractions involved and the observed noise in experimental data, the overall agreement is still satisfactory. Above all, to the purposes of this work it is important to highlight that the skeletal reduction process does not bring about any loss of accuracy in soot volume fractions ( Fig. 4 b) , and in spite of the added complexity of the 2-dimensional case, f v fields predicted with the detailed and the skeletal mechanism are virtually overlapped.
Soot formation in the combustion of n -heptane droplets
The combustion of n -alkane droplets in microgravity conditions has been matter of comprehensive experimental campaigns in the latest decades. Therefore, enough data are available to support and benchmark the validity of the methodology proposed in this work. Considering n -heptane as test case, the transient droplet combustion was investigated in different conditions. An adaptive grid was used, with four different stretching factors: higher refinement was set in the region where flame and soot shell are expectably located, while a more coarse spacing was set in the far field. The single simulations required, on average, 8-10 hours for completion. In the following, the core of the numerical model is first briefly validated, through the analysis of flame structure and droplet burning rate. Later, the focus is set on soot dynamics in the considered systems.
Model validation
From the experimental side, understanding the transient flame evolution in a sooting droplet is not straightforward. The formation of soot around it prevents any invasive measurement in the inner part, since the thermocouple would be coated by soot, thus compromising the accuracy of results. Instead, insights can be provided on the outer part, where the use of proper coating of thermocouples to avoid catalytic effect can produce reliable data. Mikami et al. [14] studied the transient flame structure, by using hooked thermocouples, concentric with droplet size, to measure the outer temperature profile at different times. The case of combustion in air, at atmospheric pressure, is used here as reference for model benchmark. Figure 5 shows that the model is able to reproduce the shape of the radial temperature profile. An overestimation of the outer part of the temperature profile ( Fig. 5 a) , and of its peak ( Fig. 5 b) can be observed; yet, as pointed out by Mikami and coworkers, the experimental measurements need correction because of radiative heat loss from thermocouple, such that the corrected flame temperature, for 0.3 ≤ t / t B ≤ 0.6, has been reported as 1782 K, i.e. in very good agreement with the numerical predictions. Figure 5 a also shows that the unsteady burning conditions result in the flame front progressively moving away from the droplet surface, although the uncertainty of the reported measurements is too high to observe such behavior also in the experimental profiles; in order to observe this trend, a detailed description of the transient evolution is needed, and simplified analyses considering quasi-steady state conditions, or constant thermal and physical properties might provide approximate predictions.
As a matter of fact, the flame temperature has a critical impact on burning rates as well as the formation of soot itself, because of the temperature-dependent kinetic rates. Experimental evidence [17, 21, 45] and numerical theories [21, 38, 80] show that the burning rate :
progressively decreases as D 0 increases, and that beyond a critical initial diameter, extinction is reached during combustion. By increasing the starting diameter, radiative losses assume a higher weight in the energy balance, since they roughly scale with D 3 0 [81] . As a result, the flame temperature gradually decreases, until combustion is no longer able to self-sustain. Therefore, an accurate representation of radiation is a necessary requirement to correctly describe the droplet burning rates as a function of D 0 .
Liu et al. [21] analyzed, through an experimental campaign on different fuels com plemented by a theoretical scale analysis, the effect of initial diameter on droplet combustion. The dependence of burning rate on initial diameter was numerically reproduced in the range D 0 = 0 . 5 − 3 . 87 mm , and Fig. 6 shows the key results of such analysis. The HT skeletal mechanism was used for the submillimetric simulations, since no extinction and subsequent lowtemperature combustion is involved, whereas the LT+HT skeletal mechanism was used in the super-millimetric cases. At low initial diameters (i.e. ground-based experiments), K is in very good agreement with experimental data. On the other side, the decrease of K for larger droplets deserves a more specific attention. Figure 6 b shows that the predicted burning rates decrease faster than the observed ones, and hot flame extinction is thus underestimated. Indeed, although the numerical model proved capable to estimate the overall flame radiance ( Fig. 6 c) , the extinction diameter is very sensitive to the radiation model. The use of alternative WSGG fitting coefficients like those proposed by Yin [42] provides a comparable early extinction, and only an empirical correction to the radiation contribution in Eq. (8) (a factor 0.75) would result in a more accurate estimation of the extinction time. A more thorough analysis of the role of radiation in the hot-and low-temperatureextinction of isolated droplets is outside the scope of this work, and it was specifically investigated in previous studies [38, 82] . For the present purposes, the use of a model able to take into account radiation from soot, like WSGG as proposed by Cassol et al. [44] assumes a higher importance, and is also an optimal tradeoff between the quality of results and the computational cost of the simulations.
The satisfactory predictions of the model are confirmed by the evolution of the Flame Standoff Ratio (FSR), i.e. the relative position of the flame front with respect to the droplet, normalized by the instantaneous diameter. As shown in Fig. 5 a, the flame front cannot be considered as stationary. The accuracy in such prediction is an important index of model performance, in a parallel way to what flame speed represents in 1-dimensional laminar flames: it groups in a single value the effect of the droplet burning rate (and resulting convective velocity), gas-phase diffusivity, thermodynamic and kinetic properties. Figure 7 shows FSR evolution over time in two different experimental campaigns. In both cases, numerical predictions show FSR progressively increasing over time, also scaling with D 2 0 . In the case of the data by Jackson and Avedisian ( Fig. 7 a) , a constant offset can be observed between predictions and measurements: this is most likely due to the procedure to measure the flame front. In fact, the methodology adopted by the authors consisted in evaluating the average location of the yellow luminous shell around the droplet, whereas numerically FSR is usually evaluated as the location where the maximum temperature is reached. The yellow color is mostly due to radiation from soot, taking place as long as it is in high-temperature regions. There is negligible soot around the temperature peak, therefore the experimental procedure finds a lower FSR profile. On the other hand, in the work of Liu et al. ( Fig. 7 b) the flame diameter was evaluated as the outer boundary of the blue zone surrounding the yellow central core. In this case, a consistent agreement between model and experimental data is observed. While no monotonic correlation appears between D 0 and FSR in the measurements, the model predicts a more detached flame with smaller diameters in the first part of combustion. This is due to the radiative heat losses, which increase with D 0 and then restrain the flame development, as it can be seen in Fig. 8 . Finally, it is worthwhile noting that the flame extinction is also well predicted, as FSR significantly increases when the droplet diameter approaches zero.
Soot dynamics
The availability of a detailed model is of critical importance when the formation of soot is investigated. In this context, unsteady effects are critical in determining the evolution of the soot shell around the burning droplets. Its presence in significant amounts might affect droplet combustion because of its radiative power, with a strong coupling between gas and aerosol phase and an overall decrease of burning efficiency. In microgravity droplets, significantly higher amounts of formed soot are usually observed: even tens of ppm are locally produced by not heavily sooting fuels like n -heptane, which usually do not form soot volume fractions higher than 1 ppm (cfr. Figs. 2 , 3 and 4 ) .
The formation of soot particles is controlled by chemical kinetics, because of the relatively longer time scales, compared to ignition. In these specific conditions, two main peculiarities emphasize the role of soot kinetics: (i) the high gradients of fuel concentration over the radial coordinate, creating chemically favorable conditions to particles inception between the liquid interface ( → ∞ ) and the flame front ( 1), and (ii) the competition between convective transport due to evaporation (Stefan flow), and the thermophoretic transport affecting solid particles. They act in opposite directions in the inner part of the flame: under constant-pressure and radial symmetry hypotheses, the Stefan velocity can be obtained through the continuity equation: (15) where ˙ m e v is the droplet evaporation rate. Thermophoretic velocity was defined in Eq. (13) . Figure 9 shows the predicted velocity profiles at different time steps for a sample droplet. Stefan velocity ( Fig. 9 a) undergoes an initial increase because of the sudden drop of density ( Fig. 10 ) , on turn due to the steep increase in temperature and decrease in molecular weight ( Fig. 8 ) . Aftewards, the effect of distance ( ∝ 1 r 2 ) prevails, and v Stefan decreases asymptotically to zero. On the other side, the behavior of the thermophoretic velocity ( Fig. 9 b) is more complex and non-linear, because of the combination of (i) viscosity ( Fig. 10 ) , (ii) density and (iii) temperature. The progressive decrease results in a non-monotonic trend, and the minimum is located approximately halfway between the interface and the flame front. The net result of this competition is the establishment of two equilibrium points ( Fig. 9 c) , as already noticed in previous works, which adopted a more simplified approach [30, 37] . Looking at the sign of the derivative, the inner one can be recognized as stable ( dv / dr < 0), while the outer one is unstable ( dv / dr > 0). As a result, the nucleated soot particles are pushed towards the inner equilibrium point, where the residence times are maximum and they can find kinetically favorable conditions (high T and ) for their growth and accumulation. A deeper insight in the kinetic evolution of the system is provided in Fig. 11 a. Here, the evolution of representative reaction rates of the different classes, indicated in detail in Table 3 , are reported. It is possible to observe that the inception of soot particles occurs close to the flame front, where the concentration of precursors is Fig. 7 . FSR evolution for different initial diameters and set of experiments: comparison between experimental data and numerical predictions. Experimental data from (a) [13] and (b) [21] . (For interpretation of the references to color in this figure, the reader is referred to the web version of this article.) Fig. 8 . Comparison between predicted gas-phase temperature of a sub-millimetric [13] and a super-millimetric [21] droplet. maximum because of the higher residence times, and the higher temperatures favor the kinetics of nucleation. Following inception, the HACA (Hydrogen-Abstraction / Acetylene-Addition) mechanism occurs, whose peak is located farther from the flame front, where acetylene concentration is also higher (i.e. in the richer region). In the same area, surface growth and coalescence occur, which only involve solid particles, and then feel the effect of thermophoresis. Later, aggregation further contributes to the growth in size, and it can be seen that (i) it occurs closer to the interface, since it involves larger particles, and (ii) it covers a broader region, since the maximum concentration of aggregates is located far from the reaction zone. As it can be seen from soot volume fraction in Fig. 11 the actual soot shell is located in a non-reactive region, where soot is only transported because of thermophoresis, and temperatures are too low (cfr. Fig. 8 ) to allow any significant reactivity (with the exception of aggregation). Finally, as expected, oxidation takes place closer to the flame front than other classes: as shown in Fig. 11 b, the location of its peak depends on both the availability of the oxydril radical and the residual presence of soot particles. The estimation of the PSDF ( Fig. 11 c) confirms that, while in proximity of the flame front the particle distribution is comparable to what usually observed in flames [7, 59] , an accumulation of heavier particles is observed when moving closer to the soot shell, where the thermophoretic transport moves the aggregates away from the reactive zone towards the stable equilibrium point. The rise in the number of particles with the largest diameters in correspondence of the soot shell is actually due to the finite number of discrete sections used to model the aerosol phase, which prevents the further growth of particles larger than 200 nm, and then foster their accumulation. Although it is outside the scope of this work, it is worth mentioning that the extension of the kinetic model to account for larger diameters is matter of current research. This will allow to analyse the sensitivity of the particle-size distribution to the upper limit of the particles dimension described in the kinetic mechanism.
The soot shell is thus the macroscopic result of the balance between thermophoretic and Stefan flow and is measured in terms of relative distance from the droplet center (Soot Standoff Ratio -SSR). Experimentally, the SSR is usually evaluated via direct photographs observations, while in numerical terms, SSR is estimated through the normalized radial coordinate with the maximum f v . Figure 12 shows the evolution of SSR as a function of normalized time for two sets of experiments. Comparable trends are observed in both ground-based and outer-space measurements, although an overestimation of about half diameter is generally observed. For smaller D 0 , SSR is initially slightly higher because the evaporation rate is stronger ( Fig. 6 b) , and so is Stefan velocity. A flatter evolution over time can be observed in submillimetric droplets, which follows the progressive slight departure of the thermophoretic velocity profile ( Fig. 9 b) , on turn due to FSR slightly moving away from the surface ( Fig. 7 a) . Conversely, for larger droplets the evaporation rate is smaller, and radiative losses progressively decrease the flame temperature ( Fig. 8 ) , causing the weakening of the thermophoretic transport. Figure 12 b shows that SSR is initially higher for the smallest droplet ( D 0 = 1 . 30 mm ), as a result of the higher evaporation rate. Later, the evolution of SSR in the larger ones follows a steeper trend, in parallel with the decrease of the flame temperature.
Additional details of these dynamics are provided by the variation in soot volume fraction over time. Figure 13 shows the results obtained for a sub-millimetric ( D 0 = 0 . 84 mm ) droplet, which had been experimentally investigated by Lee et al. [16] . These trends are coherent with that observed so far, i.e. the distribution shifted outwards of about half diameter, whereas the quantitative predictions of f v are in reasonable agreement with measurements. Such behavior proved extremely sensitive to the thermophoretic law:
by adopting V th,r = 0 . 538 , i.e. by supposing α T = 1 , SSR is further overpredicted (1/2 diameters more), while the maximum f v is four times lower than what obtained by introducing incomplete thermal accommodation. Obtaining further improvements in this direction is not straightforward: the location and the intensity of the volume fraction profile depends on a significant number of factors and related submodels. Beyond the description of the thermophoretic effect, it is worth mentioning: (i) the inclusion of diffusiophoresis and photophoresis; (ii) the influence of radiation and (iii) the uncertainty related to the kinetic mechanism in all of its constituting classes.
As concerns the impact of radiation, it was already seen that the coupled use of a P1/WSGG approach underestimates the evaporation rate for super-millimetric droplets ( Fig. 6 b) , bringing to an earlier extinction ( Fig. 6 c) . This has an impact on the flame temperature ( Fig. 8 ) , and consequently on the kinetic rates of soot formation. Figure 14 shows the predictions of f v for a relatively large droplet ( D 0 = 2 . 90 mm ), already studied by Manzello et al. [17] . It is shown that, although the initial increase is well caught and a reasonable agreement with SSR is observed (a slight overprediction is again obtained), the peak of volume fraction is underestimated. The maximum f v starts decreasing at t = 0 . 7 s , i.e. at the same time as the experimental measurements, whereas the predicted decrease rate is slower than the experimental. The correction of the radiative contribution by a factor 0.75, in the wake of what previously done ( Fig. 6 c) , provides results more in line with measurements. On the other side, the correction of the radiation model does not have a significant influence on SSR or the decrease rate. A peak-shoulder shape is also suggested by the experimental data but not reproduced experimentally; yet, considering the irregular profile in the soot tail, as well as the reported uncertainty in measurements (25%), it cannot be considered as relevant from a modeling standpoint.
Finally, sensitivity analysis was carried out using brute-force method, in order to define the impact of the different submodels constituting the kinetic mechanism on the obtained results: the ki- netic rates of different reaction classes were increased by a factor 10, and the macroscopic results in terms of SSR and f v were analysed. The related sensitivities to acetylene addition, dehydrogenation and PAH addition were investigated considering the droplet already simulated in Fig. 14 , and are presented in Fig. 15 for D 0 = 2.90 mm. The evolution of SSR is not affected by such increase in a significant way, with the exception of the PAH addition to BINs. In this case, the soot shell is closer to the surface, although still larger than the experimental value. On the other side, the change in soot volume fraction is much more evident, as the obtained profiles are a factor ∼ 2 larger over time. These results substantially confirm the analysis carried out by Saggese et al. [60] on a burner-stabilized premixed flame, which identified C 2 H 2 -and especially PAH-addition as the reaction classes having the largest impact on volume fraction. Yet, PAH-addition alone is not able to explain the residual deviations between model and experiments, since the location of the soot shell is still overpredicted, in spite of a good agreement with f v measurements.
Conclusions
In this work, the dynamics of soot formation, growth and oxidation from the combustion of isolated droplets in microgravity conditions was investigated. For the first time (to the authors' knowledge), a detailed, heterogeneous kinetic model was used, to get a qualitative and quantitative understanding of the underlying physics. The use of a discrete sectional approach to describe the solid phase, and of reaction classes in analogy with what done with the gas phase, allowed to get an insight on the fundamental processes at stake. A P1/WSGG radiation model was implemented in order to have a comprehensive description of radiation (including soot), while a size-independent law, accounting for incomplete thermal accommodation, was used to describe the thermophoretic effect. A skeletal reduction on the detailed mechanism was carried out upstream to accelerate simulations.
Using n -heptane as test fuel, the model was applied to examine an extended range of initial diameters ( D 0 = 0 . 50 − 3 . 87 mm ), to replicate the experimental campaigns carried out in the latest decades in drop towers and outer space. A good agreement with experimental data was observed in terms of flame development, as the flame temperature and standoff ratio satisfactorily matched the available measurements. A slightly higher detachment of the flame was observed for smaller diameters, coherently with the higher temperatures involved due to a limited impact of radiation. For larger (super-millimetric) droplets, though, the model proved extremely sensitive to radiation, and the use of a P1/WSGG model resulted in the underestimation of evaporation rates and extinction times, regardless of the procedure used to estimate the coefficients of the equivalent gray gases. To overcome this issue, either an empirical correction can be adopted for the largest droplets, or alternative models must be sought [83] .
The model also allowed to locate and quantify the different steps of soot evolution, which were found to occur in the region between Flame and Soot Standoff Ratio, where the combination of Stefan and thermophoretic effects results in a flux directed inwards. A further effect of the inward flux consisted in the change of the shape of the Particle Size Distribution Function, which in proximity of SSR showed a modification with respect to what observed in premixed flames [7, 60] , due to the accumulation of heavy particles. To this regard, PSDF predictions felt the effect of the upper threshold in size of the discrete sectional model, which is set to a diameter of 200 nm so far. Indeed, the uniquely high residence times of the this system result in the formation of unusually large aggregates, as also observed experimentally [49] . The forthcoming extension of the discrete sectional model to larger diameters will be able to include also this aspect.
The evolution of the soot volume fraction profile resulted then from the combination of thermophoretic flux and radiation, with a significant sensitivity to both of them. Thermophoresis was found to affect both the amount of produced soot, as well as the location of the Standoff Ratio. The use of the formulation by Waldmann and Schmitt [48] significantly underestimated the amounts of produced soot, while the inclusion of incomplete thermal accommodation provided much better predictions, overestimating the position of the soot shell by about half a diameter. On the other side, the overestimation of radiative heat loss for larger diameters affected soot production in the same direction because of the reduced kinetic rates, and its correction resulted in an improvement of predictions.
